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A NOTE ON SEMIORTHOGONAL DECOMPOSITIONS
FOR FANO FIBRATIONS
PEDRO NÚÑEZ
Abstract. Fano fibrations arise naturally in the birational classification of algebraic
varieties. We show that these morphisms always induce a semiorthogonal decomposi-
tion on the derived category of the fibred space, extending classic results such as Orlov’s
projective bundle formula to the non-flat and singular case.
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1. Introduction
Motivation. Let X be a smooth proper variety over an algebraically closed field k of
characteristic zero. Suppose that we are interested in computing the bounded derived
category of coherent sheaves on X . The Minimal Model Program allows us to understand
X in terms of a sequence of birational transformations and a simpler kind of varieties,
which we will refer to as “building blocks”. If we knew how the derived categories of
these building blocks look like and how these birational transformations affect the derived
category, then we could compute the derived category of X .
One of the building blocks of algebraic varieties are Fano varieties, which are the
absolute case of Fano fibrations. Among them, the first example are projective spaces.
Beı˘linson established in [Beı˘78] the existence of a semiorthogonal decomposition
D
b(Pn) = 〈Db(k) ⊗ OPn , . . . ,D
b(k) ⊗ OPn (n)〉.
Roughly speaking, this means that the smallest triangulated subcategory of Db(Pn) con-
taining all the subcategories in the decomposition is Db(Pn) itself and that there are no
non-zero morphisms in the derived category from a complex on the right to a complex
on the left, cf. Definition 2. This result was generalised by Orlov to projective bundles in
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[Orl92]. In the same paper he also proves his blow-up formula, yielding a derived cat-
egorical understanding of one of the key morphisms appearing on the Minimal Model
Program.
Beı˘linson’s semiorthogonal decomposition was later on extended to smooth Fano vari-
eties, see for example [Kuz09]. As pointed out by several authors, this generalisation can
be extended to the relative case of flat Fano fibrations between smooth projective variet-
ies, see for example [AB17, Proposition 2.3.6].
Our aim is to further extend this result to the case of Fano fibrations in which the total
space is klt, removing both the smoothness and the flatness assumptions from [AB17,
Proposition 2.3.6]. This generalisation is necessary from the point of view of the Minimal
Model Program, since singularities appear naturally throughout the process.
Calabi–Yau fibrations are also basic building blocks in the Minimal Model Program.
The semiorthogonal decomposition on Fano fibrations will be induced by certain relative
exceptional objects, see Definition 5. In Proposition 13 we show that Calabi–Yau fibrations
do not have any such objects.
Theorem 1. Let f : X → Y be a Fano fibration of proper varieties over an algebraically
closed field k of characteristic zero. Let r > 0 be the relative index of this Fano fibration and
letL be the line bundle onX corresopnding to a divisorH with −KX ≡f rH . The unbounded
derived category of quasi-coherent sheaves on X admits a semiorthogonal decomposition
D(X ) = 〈Af ,D(Y )⊠ OX ,D(Y )⊠L ,D(Y )⊠L
⊗2
, . . . ,D(Y )⊠L ⊗ ⌈r−1⌉〉,
where D(Y )⊠L ⊗i denotes the essential image of the functor Lf ∗(−) ⊗ L ⊗i and
Af = ∩
⌈r−1⌉
i=0 Ker
(
R f∗Hom(L
⊗i
,−)
)
.
Moreover, if X and Y are smooth or if f is flat, then we obtain the analogous statement
between the bounded derived categories of coherent sheaves.
For the relevant definitions in the statement of Theorem 1, see Section 3.
Notation and conventions. We will follow the notation and conventions in [Har77],
[KM98] and [Nee01]. We will always work over an algebraically closed field k of char-
acteristic zero. The right (resp. left) derived functor of a functor F will be denoted by RF
(resp. LF ), and its pth-higher derived functor by RpF (resp. LpF ).
Acknowledgements. I would like to thank Luca Tasin and Pieter Belmans for proposing
this topic and for all their advice during my master’s thesis. I learnt a lot from both of
them. I would also like to thank Daniel Huybrechts for his useful suggestions after the
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2. Categorical preliminaries
Before we prove Theorem 1, let us introduce the category-theoretical language and
tools that we need. This section follows [Kuz16, §3.1] closely, generalising only certain
statements to the unbounded setting.
Definition 2 (Semiorthogonal decomposition). Let T be a triangulated category. We say
that an ordered collection A1, . . . ,Am ⊆ T of strictly full triangulated subcategories is
semiorthogonal if for all i < j and all Ai ∈ Ai and Aj ∈ Aj we have Hom(Aj ,Ai ) = 0.
For such a semiorthogonal collection, let 〈A1,A2〉 denote the full subcategory of all
A ∈ T forwhichwe canfind a distinguished triangleA2 → T → A1 → A2[1]withA1 ∈ A1
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and A2 ∈ A2, which is a strictly full triangulated subcategory. Let then 〈A1, . . . ,Am〉 de-
note 〈. . . 〈A1,A2〉,A3〉, . . .〉,Am〉, which is the smallest strictly full triangulated subcat-
egory of T containing all the Ai . If T = 〈A1, . . . ,Am〉, then we say that the A1, . . . ,Am
form a semiorthogonal decomposition of T.
The key result that we will use to find semiorthogonal decompositions is the following:
Lemma 3 ([Kuz16, Lemma 2.3]). Let F : T → S be a triangulated functor between triangu-
lated categories and assume there exists a right adjoint F ⊣ G such that idT  G ◦ F . Then
F is fully faithful and there is a semiorthogonal decomposition
S = 〈Ker(G), Im(F )〉,
where Im(F ) denotes the essential image of F and Ker(G) denotes the full subcategory of all
objects A ∈ T such that F (A)  0. 
The adjunction that we will use to obtain semiorthogonal decompositions with
Lemma 3 is the following:
Lemma 4. Let f : X → Y be a morphism of separated schemes of finite type over an al-
gebraically closed field k of characteristic zero and let D(X ) and D(Y ) denote the unbounded
derived categories of quasi-coherent sheaves onX and onY respectively. Let E • be a complex
in D(X ). Then we have an adjunction
Lf ∗(−) ⊗L E • ⊣ R f∗RHom
•(E •,−), (1)
between D(X ) and D(Y ).
Proof. Using Spaltenstein’s resolutions of unbounded complexes [Spa88, Theorem A], we
can define the derived functors involved on the whole unbounded derived categories of
X and of Y respectively. The desired adjunction can be obtained then as the composition
of the adjunctions (−) ⊗L E • ⊣ RHom•(E •,−) and Lf ∗ ⊣ R f∗ in [Spa88, Theorem A]. 
Definition 5 (Relative exceptional object). Let f : X → Y be a morphism of separated
schemes of finite type over an algebraically closed field k of characteristic zero. A complex
E • ∈ D(X ) is called a relative exceptional object or an f -exceptional object if it is a perfect
complex and if the component of the unit of the adjunction in Equation (1) at OY is an
isomorphism.
Lemma 6 (cf. [Kuz16, Lemma 3.1]). Let f : X → Y be a morphism of separated schemes
of finite type over an algebraically closed field k of characteristic zero and let E • ∈ D(X )
be an f -exceptional object. Then the unit of the adjunction in Equation (1) is a natural
isomorphism.
Proof. The proof in [Kuz16, Lemma 3.1] still works in the unbounded setting, see [Sta19,
Tag 08DQ] and [Lip09, Proposition 3.9.4]. 
Corollary 7. Let f : X → Y be a morphism of separated schemes of finite type over an
algebraically closed field k of characteristic zero. Let E •1 , . . . , E
•
m ∈ D(X ) be f -exceptional
objects such that there are no non-zero morphisms from objects in D(Y ) ⊠ E •j to objects in
D(Y ) ⊠ E •i whenever j > i , where D(Y ) ⊠ E
• denotes the essential image of the functor
Lf ∗(−) ⊗L E •. Then by Lemma 6 we can apply Lemma 3 inductively to conclude that there
is a semiorthogonal decomposition
D(X ) =
〈
∩ri=1 Ker
(
R f∗RHom
•(E •i ,−)
)
,D(Y )⊠ E •1 , . . . ,D(Y )⊠ E
•
m
〉
. (2)

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Remark 8. IfX and Y are smooth projective varieties, then we can replaceD(X ) and D(Y )
by the bounded derived categories of coherent sheaves Db(X ) and Db(Y ) in Lemma 4,
Definition 5, Lemma 6 and Corollary 7 without modifying anything else.
3. Fano fibrations
Let us start by fixing the definitions and notation needed for Theorem 1.
Definition 9 (Fano fibration). Let X be a proper variety with klt singularities [KM98,
Definition 2.34]. We will say that a morphism f : X → Y of normal proper varieties is a
Fano fibration if
(1) the canonical morphism f ∗ : OY → f∗OX is an isomorphism,
(2) the anticanonical divisor −KX on X is Q-Cartier and f -ample, and
(3) dimX > dimY .
Definition 10 (Relative index). Let f : X → Y be a Fano fibration. The relative index of
X over Y is defined as the largest rational number r ∈ Q such that −KX ≡f rH for some
f -ample Cartier divisor H .
Remark 11. Fano fibrations are therefore a slight generalisation of Mori fibre spaces, in
which we drop the condition on the relative Picard rank. It follows from conditions (1) to
(3) in Definition 9 that f is proper surjective with connected fibres of dimension at least 1
and that r > 0. The fibres of f are proper over k and −KX restricts to an ample divisor on
each of them, so the fibres of f are also projective over k. Moreover, by [FOV99, Theorem
3.3.15] there is a dense open subset in Y over which the fibres are normal connected
projective schemes, hence (irreducible) projective varieties.
If X is smooth and Y = Speck is a point, then the relative index is the usual index of a
Fano variety, because numerical and linear equivalence agree on smooth projective Fano
varieties [Sha99, Proposition 2.1.2].
Proof of Theorem 1. We want to apply Corollary 7 to the line bundles in the statement
of Theorem 1. Let us first check that all line bundles M on X are relative exceptional ob-
jects. By the Kawamata–Viehweg vanishing in [Kol97, Theorem 2.17.3] and the definition
of Fano fibration we have a canonical isomorphism OY  R f∗OX . Hence the canonical
isomorphisms OY  R f∗OX  R f∗Hom(M ,M ) show that M is relative exceptional.
It remains to show now that for all 0 6 i < j 6 ⌈r − 1⌉ and all F •,G • ∈ D(Y )we have
HomD(X )(Lf
∗(F •) ⊗ L ⊗j , Lf ∗(G •) ⊗ L ⊗i ) = 0. (3)
Since (−)⊗L induces an autoequivalence onD(X ) and Lf ∗ ⊣ R f∗ are adjoint, Equation (3)
is equivalent to
HomD(Y )(F
•
,R f∗(Lf
∗(G •) ⊗ L ⊗i−j )) = 0. (4)
By the projection formula [Lip09, Proposition 3.9.4], Equation (4) is in turn equivalent to
HomD(Y )(F
•
,G
• ⊗L R f∗L
⊗i−j ) = 0. (5)
From Equation (5) we see that it suffices to show that R f∗E = 0, where E denotes L ⊗i−j .
So let us check that this is the case.
In degrees p > 0, we can again apply the Kawamata–Viehweg vanishing in [Kol97,
Theorem 2.17.3] to deduce that Rp f∗E = 0, because r + (i − j) > r − ⌈r − 1⌉ > 0, so
(i − j)H − KX is f -ample.
To show the vanishing in degree p = 0, consider a dense open subset V ⊆ Y over
which f is flat with normal fibres, which exists by [Gro65, Theorem 6.9.1] and [FOV99,
Theorem 3.3.15]. Set U := f −1(V ). Then E |U is flat over V by flatness of f |U . The fibres
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are positive dimensional projective varieties over k and the restriction E |Uy to each fibre
is an antiample line bundle, so we have H0(Uy , E |Uy ) = 0 for all points y ∈ V by [Har77,
Exercise III.7.1]. Applying Grauert’s theorem we deduce that
(f |U )∗(E |U ) = (f∗E )|V = 0.
We find that every section of f∗E is torsion, meaning that it maps to zero in the stalk
at the generic point of Y . But f∗E is torsion-free by [Gro60, Proposition 7.4.5], so we
conclude that f∗E = R0 f∗E = 0. 
Remark 12. In the situation of Theorem 1, if we assume further that X and Y are smooth
or that f is flat, then we obtain the analogous result for the bounded derived categories
of coherent sheaves. Indeed, we may replace D(X ) and D(Y ) by Db(X ) and Db(Y ) already
from the previous section onwards without making any modification in the arguments.
4. Calabi–Yau fibrations
It is a classic result by Bridgeland that the derived category of a smooth projective
variety is orthogonally indecomposable [Bri99, Example 3.2]. In particular, Serre duality
implies that the derived category of a smooth projective Calabi–Yau variety is semiortho-
gonally indecomposable. One could ask whether a similar result holds for Calabi–Yau
fibrations, which for our purposes we may define as morphisms of smooth projective
varieties with connected positive dimensional fibres in which the canonical divisor KX
restricts to the trivial divisor on a general fibre.
A way to generalise the semiorthogonal indecomposability of smooth projective
Calabi–Yau varieties to Calabi–Yau fibrations is to compare them with Fano fibrations.
The semiorthogonal decomposition on Fano fibrations was induced by relative excep-
tional objects. In contrast, in the case of Calabi–Yau fibrations, there are no relative ex-
ceptional objects.
Proposition 13. Let f : X → Y be a Calabi–Yau fibration between smooth projective vari-
eties. Then there are no f -exceptional objects in Db(X ).
Proof. We argue by contradiction. Suppose that E • is an f -exceptional object. LetV ⊆ Y
be a dense open subset over which f is smooth and let U := f −1(V ) be its preimage.
Denote by j : V ֒→ Y and i : U ֒→ X the respective inclusions and let y ∈ V be a closed
point. Consider the commutative diagram
Xy U X
Specκ(y) V Y
h
iy i
д f
jy j
in which both squares are cartesian. By [Lip09, Proposition 4.6.7] we have a canonical
isomorphism i∗RHom•(E •, E •) → RHom•(i∗E •, i∗E •). Combining this with flat base
change along the right cartesian square we obtain
Rд∗RHom
•(i∗E •, i∗E •)  Rд∗i
∗
RHom•(E •, E •)
 j∗R f∗RHom
•(E •, E •)
 j∗OY  OV .
Wemay assume that E • is a bounded complex of locally free sheaves of finite rank, hence
the same is true about i∗E • andwemay apply [Lip09, Proposition 4.6.7] again to the closed
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immersion iy and the sheaf i∗E •. Moreover, д is smooth and proper, so we may combine
this with the base change isomorphism in [BO95, Lemma 1.3] to obtain
Rh∗RHom
•(Li∗y(i
∗
E
•), Li∗y(i
∗
E
•))  Rh∗Li
∗
yRHom
•(i∗E •, i∗E •)
 Lj∗y(Rд∗RHom
•(i∗E •, i∗E •))
 Lj∗yOV  OSpec κ(y).
Therefore Li∗y(i
∗E •) is an exceptional object in Db(Xy). Since Xy is a smooth projective
Calabi–Yau variety, its bounded derived category Db(Xy) is semiorthogonally indecom-
posable. Hence we must have Db(Xy) = 〈Li∗(i∗E )〉  Db(Speck). But Xy is a smooth
projective variety of dimension at least 1, so this contradicts [Huy06, Proposition 4.1]. 
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